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Effects of ionization in single-bubble sonoluminescence
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We studied the effects of ionization in a sonoluminescing~SL! bubble within the hydrodynamic framework.
The thermodynamic variables and the degrees of ionization inside the bubble throughout an oscillation cycle
are obtained by solving the hydrodynamic equations assuming spherical symmetry. Several models are used to
compute the emitted radiation, which are then compared with experimental data. Numerical results show that
shock waves are absent in the stable SL regime, and compressional waves are already strong enough to produce
moderate temperature and ionization. The degrees of ionization at the bubble center are found to be within 7%
to 30%, and Ar1 is the only dominant ion. Moreover, an opacity-corrected blackbody radiation model gives the
peak power, pulse widths, and spectra that agree very well with the experimental data.

DOI: 10.1103/PhysRevE.65.041201 PACS number~s!: 78.60.Mq, 47.40.2x, 52.50.Lp, 43.25.1y
b
i
b

of
o

ay
e
o

e
u

th
ht
sc
g
e
im
-

im
e
n
o

d
ca
s

ble
x

pu

nt-
n-
e
the

de-
and
ent
e

not
onal
rge
era-
em-
al

ing
ht-
dy-

ody
rp-
lse
ell.

rk

the
e
e-
ter
ity,
-

I. INTRODUCTION

The remarkable discovery that acoustic energy can
converted to light through an oscillating air bubble trapped
water has triggered widespread interest in single-bub
sonoluminescence~SBSL! @1#. Under certain conditions, a
narrow and regular flash of blue-white light with a width
about 40–350 ps is emitted in each cycle of the bubble
cillation during the strong collapse of the bubble@2–4#. The
bubble can oscillate synchronously and stably for a few d
through billions of acoustic cycles. Moreover, such a conv
sion of sound into light represents a high concentration
energy by 12 orders of magnitude.

The mechanism of SBSL light emission is still under d
bate. A number of models were proposed to explain the ca
of light emission, which include blackbody radiation@5#,
shock wave model@6–10#, collision-induced emission
@11,12#, quantum vacuum radiation@13#, confined-electron
model @14#, and even fusion@8#.

Previous hydrodynamic calculations have presented ra
contradictory pictures of the bubble interior during lig
emission. On the one hand, calculations based on invi
spherical hydrodynamics@7–9# suggested that a convergin
shock produced high temperature and pressure and th
flected diverging shock quenched them in picosecond t
scale@8–10,6#. Xu et al. reported very strong multiple ion
izations, up to Ar51, based on this scenario@15,16#. This
model could explain the emergence of a picosecond t
scale as well as the large energy concentration. But the
fects of transport processes, surface tension, the equatio
state ~EOS!, and the compressibility of liquid were als
largely ignored. One recent calculation that includes
temperature-dependent surface tension and thermal con
tion shows that most of the trends of experimental data
be explained based on a shock-induced cool dense pla
model @10#. On the other hand, assuming a uniform bub
interior, which therefore leads to a considerably lower ma
mum temperature, Hilgenfeldtet al. could explain the SL
spectral shape and the wavelength independence of the
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widths using a modified blackbody radiation model accou
ing for the small emissivity and absorption of a weakly io
ized gas @17#. However, the assumed uniformity of th
bubble content is unrealistic given the rapid collapse of
bubble around the short duration of light emission.

The validity of most of these models depends on the
tails of the hydrothermal processes inside the bubble,
therefore a realistic hydrodynamic model is essential. Rec
studies@18–22# that include parts or all of the effects of th
transport processes demonstrate that the shock wave is
essential for stable SBSL. Rather, a smooth compressi
wave emerges naturally in a collapsing bubble, and a la
fraction of the bubble content is heated to moderate temp
tures for a short duration. Nevertheless, the predicted t
perature is of several 104 K and can indeed induce chemic
reactions and ionization.

We study in this paper the degrees of ionization occurr
at the SBSL conditions and their relevance to the lig
emission mechanism of SBSL based on a realistic hydro
namic calculation. Our major conclusions are:~1! shock
waves are absent in the stable SBSL regime;~2! the degrees
of ionization are found to be within 7 to 30 %, and Ar1 is the
only dominant ion;~3! with this moderate ionization, the
bubble becomes optically opaque, and a refined blackb
radiation model taking into account the opacity and abso
tion of the bubble content gives the peak power, pu
widths, and spectra that fit the experimental data very w

II. HYDRODYNAMIC MODELS

In this section, we extend a hydrodynamical framewo
by Yuanet al. and Chenget al. @21,22# to include the calcu-
lation of ionization and recombination processes. In
model, the Navier-Stokes~NS! equations are coupled to th
Rayleigh-Plesset~RP! equation which describes the bubbl
wall motion. The energy equation for the surrounding wa
is also solved at the same time. The effects of viscos
surface tension, equation of state~EOS!, and the compress
ibility of liquid are taken in account.
©2002 The American Physical Society01-1
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A. RP equation for bubble-wall motion

For a spherical bubble in liquid, the equation for t
bubble-wall motion was formulated by Rayleigh@23# in
1917 and modified by Plesset@24#, and Noltingk and Neppi-
ras @5# in 1950. The equation is called the Rayleigh-Ples
~RP! equation.

Several forms of the RP equation have been used in
literature, which differ in the terms that account for the co
pressibility of the liquid surrounding the bubble, charact
ized by the bubble-wall Mach numberM[Ṙ/cl , wherecl is
the speed of sound in the liquid. It has been shown t
whether shocks emerge depends strongly on the form of
RP equation@21,22#. An SL bubble undergoes an enormo
compression; the surrounding liquid should also be gre
compressed, and hence the speed of sound in the liquid
ies during a SL cycle. To account for the effect of the liqu
compressibility better, we use a more complete RP equa
that includes terms to first order inM and allows for a vari-
ablecl @25#, giving

12M

11M
RR̈1

32M

2~11M !
Ṙ25Hb2

Ps~ t8!

r`
1

tRḢb

11M
. ~1!

Here overdots denote time derivatives,tR[R/cl , t8[t
1tR , r` is the ambient density,Ps(t8)52Pa sin(vt8) is
the pressure of the sound field with frequencyv and ampli-
tudePa . The enthalpies of the liquidHl andcl are given by

Hl5E
P`

Pl dP

r
, cl

25
dP

dr
. ~2!

For water,cl andHl are obtained using an equation of sta
of the modified Tait form@26#

P1B

P`1B
5S r

r`
D n

, ~3!

where B53049.13 bar andn57.15. Combining Eqs.~2!
and ~3!, we get

Hl5
n

n21 S Pl1B

r
2

P`1B

r`
D , cl

25
n~Pl1B!

r
. ~4!

In computingHl andcl , the pressurePl(t) on the liquid side
of the gas-liquid interface is related to the pressurePg(R,t)
on the gas side of the gas-liquid interface by

Pg~R,t !2t rr ur 5R5Pl~ t !1
4hṘ

R
1

2s

R
, ~5!

which states that the pressure on the gas side differs f
that on the liquid side due to the effects of surface tens
and the normal component of viscous stresses@26#.

Equation~1! is used for most of our simulations. To b
consistent with Ref.@21#, Eq. ~1! is labeled as RP3. Anothe
form of the RP-type equation will also be used as a comp
son, in which the liquid is taken to be incompressible and
Mach number is kept only to the zeroth-order term
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RR̈1
3

2
Ṙ25

1

r`
@Pl2Ps~ t !2P`#

1
R

r`c`

d

dt
@Pl2Ps~ t !#, ~6!

which is labeled as RP1.

B. Conservation equations for gas in bubble

Neglecting mass diffusion, which is a much slower pr
cess@27#, the dynamics of the gas inside a spherical bubbl
described by the compressible NS equations, which repre
the conservation of mass, momentum, and energy. They
be written into a conservative form with source terms

]r

]t
1

]

]r
~rv !52

2rv
r

, ~7!

]~rv !

]t
1

]

]r
~rv21P!52

2rv2

r
1

1

r 2

]

]r
~r 2t rr !1

t rr

r
,

~8!

]~rE!

]t
1

]

]r
~rE1P!v52

2~rE1P!v
r

1
1

r 2

]

]r F r 2S vt rr 1k
]T

]r D G .
~9!

Here E5e1v2/2 is the total energy per unit mas
r , r, v, P, T, t rr , k, ande are the radial distance from
the center of the bubble, gas density, radial velocity, pr
sure, temperature, normal viscous stress, coefficient of t
mal conductivity, and internal energy per unit mass, resp
tively. If we are dealing with inviscid flow, the last two term
in Eq. ~8! and the last term in Eq.~9! should be ignored, and
the resulting equations are called the Euler equations.

In order to keep track of the densities of theNs species,
Ns21 more species conservation equations are require
addition to Eqs.~7!–~9!. The ion densities change due
ionization and recombination, and so source terms mus
added to the right-hand side of the species conserva
equations. The maximum ionization level is taken to be fi
which should be adequate for the present temperature ra
Our results indicate that even the second ionization level
be safely ignored in practice.

For convenience, letf j be the mass fraction of Arj 1 ~with
j 50,1,2,3,4,5) or electron~with j 5e). Thereforer f j repre-
sents the mass density of an individual species, and the n
ber density of an individual species is related to its m
fraction by nj5r f j /mj , wheremj is the mass of an atom
~for j 50), or an ion with a chargej ~for j 5125), or an
electron~for j 5e). The mass fraction of Ar51 can be found
by f 5512 f e2( j 50

4 f j . The species mass conservatio
equations is given by
1-2



rc
be

th

-
na

on

S
d

-
u
e

nd
f
o

ote

ent

The

t

Ref.
tri-
ents

V,

c-

t the

the
lso

e

er-
ons,
and
n of
,

EFFECTS OF IONIZATION IN SINGLE-BUBBLE . . . PHYSICAL REVIEW E 65 041201
]~r f j !

]t
1

]

]r
~r f jv !52

2r f jv
r

1~Ss! j . ~10!

Here, the extra term (Ss) j is the source term forr f j arising
from ionization and recombination processes. The sou
term (Ss) j depends on the net rate of change of the num
density of the speciesṅ j by

~Ss! j5mjṅj . ~11!

In this case, the rate of change ofnj is determined by the
ionization and recombination processes. Therefore, for
ions (j 50,1,2,3,4,5), the net rate of change is given by

ṅ j5nj 21nea j 21→ j
ion 2njnea j→ j 11

ion

1nj 11ne~a j 11→ j
rrec 1a j 11→ j

trec !2njne~a j→ j 21
rrec 1a j→ j 21

trec !.

~12!

Herea j→ j 11
ion , a j→ j 21

rrec , anda j→ j 21
trec denote the rates of ion

ization, radiative recombination, and three-body recombi
tion of particles with a charge ofj. The formulas for them are
given in @16#.

The net rate of change of the number density of electr
is simply given by charge conservation. Knowing that

f e512(
j 50

5

f j , ~13!

we take the time derivative and multiply both sides byr to
obtain

~Ss!e52(
j 50

5

~Ss! j . ~14!

C. Equation of state

The hydrodynamics of the bubble is affected by the EO
The most widely used van der Waals EOS can be modifie
take into account the ionization processes@15#

p5S (
j 50

5
f j

mj
1

f e

me
D kBrT

12br
,

e5
3

2
kBTS (

j 50

5
f j

mj
1

f e

me
D 1kB(

j 51

5

(
i 5 j

5
f i

mi
Tj , ~15!

where Tj is the ionization energy of an ion with chargej
21, andb is the excluded volume. Therefore,r f j /mj gives
the number densitynj of Ar j 1, andr f e /me gives the number
density of electronne . We denote this EOS by MVEOS.

The physical meanings of Eqs.~15! are clear. The pres
sure contributed by different species are taken into acco
separately in proportion to their abundance. The internal
ergy of the gase consists of both the thermal energy a
ionization energy. The first term in the right-hand side oe
represents the thermal energy of the gas, while the sec
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term represents the total energy required for ionization. N
that the EOS itself is thermally inconsistent.

A more realistic EOS for argon has been adopted in rec
studies@19,22#. Here we modify this EOS by taking into
account the ionization processes and denote it MYEOS.
EOS is constructed so that the pressurep and internal energy
e can be decomposed into three parts:~1! the zero-
temperature partpc , ec , ~2! the nuclear motion par
pn , en , and~3! the electron motion partpe , ee ,

p~r,T,f!5pc~r!1pn~r,T,f!1pe~r,T,f!,

e~r,T,f!5ec~r!1en~r,T,f!1ee~r,T,f!. ~16!

The zero-temperature part is exactly the same as that in
@19#. The nuclear motion part includes the ideal gas con
bution and a configurational soft-sphere piece that repres
the nonideal behavior of the dense fluid,

pn5kBrT(
j 50

5
f j

mj
1

1

18
kBrTq jn~ j n14!h j n/9t1/3(

j 50

5
f j

mj
,

en5
3

2
kBT(

j 50

5
f j

mj
1

1

6
kBTq~ j n14!h j n/9t1/3(

j 50

5
f j

mj
,

~17!

wheret5T1 /T, T1 is a reference temperature set as 1 e
andh5r/r0, with r0 the density of the cold solid atp50.
The parametersq and j n are fitted to be 0.2 and 6, respe
tively @19#.

The electrons are treated as ideal gas particles so tha
electron pressure and energy are

pe5
f e

me
kBrT, ee5

3

2

f e

me
kBT1kB(

j 51

L

(
i 5 j

L
f i

mi
Tj .

~18!

D. Energy equation in liquid

To include the heat transfer between the bubble and
surrounding water, the energy equation for the water is a
needed

]Tl

]t
1v l

]Tl

]r
5Dl

1

r 2

]

]r S r 2
]Tl

]r D , ~19!

whereTl , v l , andDl are the temperature, velocity and th
thermal diffusion coefficient of the liquid.

E. Photon absorption due to ionized gas

Since the gas is ionized, the ions and electrons will int
act with photons. Photons can be absorbed by free electr
with an ion acting as a third partner to conserve energy
momentum. The process is called the free-free absorptio
light by ions. Since Ar1 is the dominant ion in the bubble
we will only take into account the absorption by Ar1. The
absorption coefficientkl

ff1 is given by@28#
1-3
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kl
ff15

4

3 S 2p

3mekBTD 1/2 e6l3

~4pe0!3hc4me

n1ne , ~20!

wheren1 is the number density of Ar1 ande0 is the vacuum
permeability.

Photons can also be absorbed by free electrons wi
neutral atom as a third partner. The process is called
free-free absorption of light by atoms. The absorption co
ficient kl

ff0 is obtained as a function of the temperature a
number densities of neutral atoms and electrons

kl
ff05

e2l2

~4pe0!pc3
34pS 2kBT

pme
D 3/2S ctr1

dtr

3kBTDn0ne ,

~21!

where ctr'1.6310220 m2/eV, dtr'20.6310220 m2, ve
is the velocity of the interacting electrons, andn0 is the
number density of the neutral atoms.

Finally, a photon can be absorbed by the transition of
electron into the continuous energy spectrum. The co
sponding absorption coefficient is given by@29#

kl
bf5

32p4

3A3

e10men0

~4pe0!5h6c4

kBT

Eion
l3 expS 2

Eion

kBTD
3FexpS hc/l

kBT D21G . ~22!

We sum over the above three absorption coefficients
obtain the overall absorption coefficientkl

tot ,

kl
tot5kl

ff11kl
ff01kl

bf . ~23!

F. Power radiated by bubble

We calculate the emitted light spectrum using a blackbo
radiation model refined in two ways to accommodate
effects of ionization@30#. First, the presence of ionize
plasma in the core of an SL bubble greatly reduces the p
ton mean free path, and hence we divide the bubble in
strongly absorbing core and a weakly absorbing outersh
according to the calculated mean free path, which is a
wavelength dependent. We define the radius of the ‘‘bla
core Rc to be the point where the mean free pathl (r ,t,l)
equals a fraction of the bubble radius,l (Rc ,t,l)
5R(t)/nco. Furthermore, we define aninner core whose ra-
dius Rci is related to the bubble radius in a similar mann
l (Rci ,t,l)5R(t)/nci , with nci.nco. The surface tempera
ture of the coreT(r 5Rc) is increased because photons em
ted in the inner core are absorbed by the surface layer of
core. We treat this effect approximately by redistributing t
radiation energy of theinner core to the gas in the surfac
layerRci,r ,Rc . In practice, we choosenci , nco to be eight
and four, respectively, but our results are hardly change
they are chosen to be ten and five instead. Note that the
of the core and the mean free paths are smaller than
wavelengths of the emitted light. A careful investigation
the possible intricate effects this may cause is certainly
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teresting, and we have considered them in a recent pape
a static bubble@31#. However, it is beyond the scope of th
present paper to incorporate these finite-size effects into
case of a rapidly oscillating bubble.

Due to the short mean free path in the ‘‘black’’ inner cor
we assume that light traversing through the core is co
pletely absorbed. Therefore, light can only be emitted o
ward from the surface of the core. We also assume that p
tons emitted from the outer shell passing through the cor
completely blocked, which we account for by introducing
correction factor

Q~r !5
1

2 F11
Ar 22Rc

2

r
G . ~24!

Second, in the ‘‘gray’’ outershell, thesurface emission
from the ‘‘black’’ core is further subjected to the absorptio
effect of the ‘‘gray’’ outershell, as described by a damp
intensity in the small-opacity approximation@29#. The emit-
ted intensity therefore decreases along the path by the e
nential of the absorption coefficient integrated along the p

I ~r !5I ~r 0!expS 2E
r 0

R

kl
tot~r 8!dr8D , ~25!

wherer 0 is the emission point, which can be either from t
surface of the black core or within the gray shell, andR is the
bubble radius.

By putting Eqs.~24!–~25! together and integrating ove
the whole bubble, we obtain the total spectral radian
~power emitted per wavelength interval! of the bubble con-
tent at wavelengthl to be

Pl
Pl~ t !5E

Rc

R

16pkl
tot~r ,t !Rl

Pl~r ,t !

3expS 2E
r

R

kl
tot~r 8!dr8DQ~r !r 2dr

14pRc
2Rl

Pl~Rc ,t !expS 2E
Rc

R

kl
tot~r 8!dr8D ,

~26!

where

Rl
Pl@T~r ,t !#5

2phc2

l5

1

exp~hc/lkBT!21
~27!

is the spectral emissive power, and the overall absorp
coefficientkl

tot is wavelength dependent and is greater for r
light than for UV.

G. Choice ofR0 and physical parameters

The value of the ambient bubble radiusR0 is determined
by experimentally controllable parameters, such as the d
ing pressure, the water temperature, the gas concentratio
water, etc. Experimental results have shown that a chang
only 20% in the bubble radius is associated with a factor
1-4



a

qu

e

es

w
qs

-

tio

ng

le

bl
lo

ga

y
n

al
o

co

the
nter.
ure

nter
s
-
sure
e-
res-
and

ity,

i-

EFFECTS OF IONIZATION IN SINGLE-BUBBLE . . . PHYSICAL REVIEW E 65 041201
200 change in the intensity of the emitted light@32#. There-
fore, we should choose the values of the ambient radius c
fully. Stable and stationary values for the ambient radiusR0
can be predicted by considering stable mass diffusive e
librium @33,34#. We simply use the values ofR0 from Ref.
@28# based on the calculation of diffusive equilibrium for th
driving frequencyf 520 kHz with water temperature 293 K
at dissolved gas concentrationsc` /c050.20%. We
choosePa51.275, 1.3, 1.325, and 1.35 atm andR052.6,
4, 4.7, and 5.4mm, respectively. We use standard valu
of the material constants:P`5101 325 Pa,h51.01
31023 kg m21 s21, cl`51483 m s21, r l5998 kg m23, s
50.0728 kg s22, kl50.609 W m21 K21, and cp,l54179
J kg21 K21.

III. NUMERICAL METHODS

Before we solve the whole set of governing equations,
usex[r /R(t) to transform the gas dynamics equations E
~7!–~10! to a fixed coordinatex,@0,1#. The resulting equa-
tions are

]Q

]t
1

]F~Q!

]x
5H~Q!1Fv~Q!1Ss~Q!. ~28!

Here Q5R(rf,r,rv,rE)T. The inviscid fluxes
are F5„rf(v2xṘ),r(v2xṘ),rv21p2rvxṘ,(rE1p)v
2rExṘ…T, and the spherical sources areH5
22v„rf,r,rv,(rE1p)…T/x. The diffusive transport terms
are given by Fv5„0,0,]x(x

2t rr )1xt rr ,]x@x2(vt rr
1k]xT/R#…T/x2, wheret rr 54m(]xv2v/x)/3R is the nor-
mal viscous stress,k is the coefficient of thermal conductiv
ity, m is the dynamic viscosity. The source termSs accounts
for the mass production due to ionization and recombina
processes.

We apply a second-order total-variational-diminishi
~TVD! scheme@35# to the inviscid flux terms of Eq.~28!,
with a simple arithmetic average of the interface variab
@36#. We treat the terms in the right-hand side of Eq.~28!
explicitly. Details of the scheme can be found in Ref.@21#.
We use 400 grid points for the NS equations in the bub
and 80 points for the water temperature equation. We emp
the RP solution alone assuming isothermal and uniform
distribution up to the point whereR53R0 prior to the main
collapse. We then switch to the solution of the full hydrod
namic equations. The initial number densities of ions a
electrons are estimated using the Saha equation@29#. Both
the MVEOS and MYEOS can be adopted.

IV. NUMERICAL RESULTS

A. Effects of ionization on hydrodynamic variables

In Figs. 1~a! and 1~b!, we show snapshots of the spati
profiles of several thermodynamic variables around the m
ment of minimum bubble radius for the case withPa
51.325 atm andR054.7 mm. Such a combination of the
driving pressure and ambient radius represents a typical
dition of stable SBSL. Six profiles are shown in Fig. 1~a!,
corresponding to 68 ps~t1!, 51 ps~t2!, 37 ps~t3!, 25 ps~t4!,
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14 ps~t5!, 3 ps~t6! beforethe moment of minimum bubble
radius, whereas the six shown in Fig. 1~b! correspond to 7 ps
~t7!, 17 ps~t8!, 27 ps~t9!, 38 ps~t10!, 50 ps~t11!, and 65 ps
~t12! after. It can be seen in Fig. 1~a! that the contraction of
the bubble between t1 and t4 results in a rapid increase in
temperature, pressure, and density near the bubble ce
However, the enormous buildup of the density and press
~up to 0.7 g/cc and 33105 atm, respectively! at the bubble
center begins to reverse the inward collapse at smallr start-
ing at t4. Between t4 and t8, materials near the bubble ce
expandoutwardwhile the outer layer of the bubble continue
to contractinward. As a result, a small layer of gas is com
pressed, shown as small bumps in the density and pres
profiles, and this ‘‘compressional wave’’ moves inward b
tween t4 and t8. Upon reaching the center at t9, the comp
sional wave produces a surge in temperature, pressure,

FIG. 1. Snapshots of the spatial profiles of density, veloc
pressure, and temperature forPa51.325 atm andR054.7 mm us-
ing MVEOS and RP3. Here, t15268 ps, t25251 ps,
t35237 ps, t45225 ps, t55214 ps, t6523 ps, t7
57 ps, t8517 ps, t9527 ps, t10538 ps, t11550 ps, and
t12565 ps, wheret50 is the time that the bubble attains its min
mum radius.~a! and ~b! show the evolution from t1~t7! until t6
~t12!.
1-5
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density for a brief moment~of less than 10 ps!, and it is then
reflected from the bubble center and moves outward betw
t9 and t12.

Similar profiles are shown in Fig. 2 using the Van d
Waals EOS without considering ionization. The velocity
approximately linear inr and the pressure is nearly uniform
while a boundary layer shows up near the bubble wall
both the density and temperature. Comparison of Figs. 1
2 shows that ionization tends to lower the temperature
hence the speed of sound in the gas, which in turn leads
steepening of the compressional waves.

We show in Fig. 3 the spatial profiles~solid lines! of the
density fractions,f 1 and f 2, of the Ar1 and Ar21 ion species
in the bubble around the instant of maximum compress
The ionized core is quite wide with a radius extending

FIG. 2. Same as Fig. 1, but using VEOS and without consid
ing ionization. Here, t15252 ps, t25224 ps, t3521 ps, t4
520 ps, and t5544 ps.

FIG. 3. Snapshots of the spatial profiles of the density fracti
of Ar1 and Ar21 for Pa51.325 atm andR054.7 mm using
MVEOS and RP3. The values of t1, t3, etc., are the same as tho
Fig. 1.
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about 90% of the bubble radius. We found that Ar1 is the
only dominant ion~at most about 30% as shown! with very
few Ar21 present~below 1%!; higher ionization states ar
virtually absent. This is in stark contrast to the strong m
tiple ionizations reported in an earlier work by Xuet al. @15#,
based on inviscid hydrodynamics ignoring effects of h
transport, surface tension, and the compressibility of the
rounding liquid. On the other hand, the degrees of ionizat
we found here are much higher than those~below 1%! re-
ported in Refs.@17,28#, which assumes a uniform interior o
the bubble.

B. Time variation of temperature

As shown in Fig. 4~a!, the central temperature increases
first. The number density of Ar1 at the bubble center is
shown in Fig. 4~b!, and we found that there is no ionizatio
at that time. At aboutt52125 ps, the central temperatur
suddenly drops from about 43 000 K to about 32 000 K, a
ionization starts at the same time.

The temperature and the Ar1 density continue to rise afte
t52125 ps, and they reach the local maximum slightly b
fore the time that the bubble attains its minimum radiust
50 ps). Numerical results also show that there is a sud
increase in the temperature and the Ar1 density aroundt
517 ps~t9 in Figs. 1 and 3!, corresponding to the conver
gence of the compressional wave to the center of the bub
which lasts for a very short duration only.

C. Near upper threshold of SBSL

According to Ref.@28#, the parametric surface instabilit
restricts the ambient radius to less than about 5.5mm. Be-

r-

s

in

FIG. 4. The time variations of~a! the temperature,~b! the num-
ber density of Ar1 at the bubble center forPa51.325 atm and
R054.7 mm using MVEOS and RP3. Here, the bubble attains
minimum radius att50.
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yond this radius, the bubble becomes unstable, and it
either shrink or burst after a short time. Here we discuss w
happens near the upper threshold of SBSL. The condit
used are: driving frequencyf 520 kHz, driving pressure
Pa51.35 atm, andR055.4 mm.

We show in Fig. 5 snapshots of the spatial profiles
several thermodynamic variables around the moment
minimum bubble radius. A compressional wave starts
form in the velocity profile at the instant t3, and it develo
into a steep compressional wave at the instant t4, which l
for a very short time only. The pressure profile also show
steep change at the instant t4. Finally the compressio
wave is reflected at the instant t5. We conclude that sh
waves cannot develop even near the experimental u
threshold of the driving pressure.

Although the compressional wave is steeper compare
that as shown in Fig. 1, the maximum gas density, press
and temperature attained are nearly the same. Also, the
grees of ionization are shown in Fig. 6, which is similar
that shown in Fig. 3. Only Ar1 is the dominant ion~about
30% at the maximum! with a few Ar21 present~below 1%!.
Therefore, neglecting the sudden increase as it only lasts
a very short time, we estimate the maximum degree of i
izationa near the upper threshold of SBSL to be about 30
which is still much lower than that reported in Ref.@15#.

D. Onset of SBSL

We next discuss the situation at the onset of SBSL. We
the driving frequencyf 526.5 kHz, driving pressurePa
51.23 atm, and ambient radiusR052.2 mm. The surface
tensions is set to be 0.05 kg s22 in order to fit an experi-
mentalR(t) curve @27#. The values of other parameters a
the same as before.

Figure 7 shows snapshots of the spatial profiles of
thermodynamic variables around the time when the bub
attains its minimum. Comparing it to Fig. 1, we find that t
compressional wave becomes weaker. The compress
wave is associated with a salient drop of temperature in

FIG. 5. Same as Fig. 1, but withPa51.35 atm andR0

55.4 mm. Here, t15250 ps, t25222 ps, t351 ps, t4
524 ps, and t5547 ps.
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ionized inner region. It should be noticed that the spa
profiles are smooth at the instant t1. At this time, the ‘‘ign
tion temperature’’ has not been reached to ignite ionizati
as discussed before, and so the profiles are as smoo
those shown in Fig. 2. A pressure wave moves outward fr
the bubble center at t3, reflecting at the bubble wall betw
t3 and t4, and goes inward at t4. This motion of the press
wave produces the multipeak structure of the tempera
profiles in Figs. 1, 3, 5, and 7, and the subsequent temp
ture variations are reflected also in the ionization profi
~Figs. 4 and 11!. As the bubble continues to collapse, th
temperature is high enough to ignite ionization, and so th
is a drop of temperature in the inner region at the instant

The corresponding spatial profiles of the proportions
ions are shown in Fig. 8. As expected, ionization has

FIG. 6. Snapshots of the spatial profiles of the proportions
Ar1 and Ar21 for Pa51.35 atm andR055.4 mm using MVEOS
and RP3. The values of t1, t2, etc., are the same as those in F

FIG. 7. Same as Fig. 1, but withPa51.23 atm andR0

52.2 mm. Here, t15228 ps, t25214 ps, t3521 ps, t4
512 ps, and t5526 ps.
1-7
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started at the instant t1. Even after it has, the density of A1,
which is the dominant ion, is greatly reduced to about 7%
the maximum. Second ionization Ar21 is hardly found~less
than 1024). Therefore, the maximum degree of ionizationa
is only about 7% at the onset of SBSL.

E. Effects of EOS

Since an SL bubble is compressed to a very small volu
it can be sensitive to the treatment of the short-range re
sion of the gas molecules. In the MVEOS~15!, this is
handled by an ad hoc excluded volume term. Therefore,
worth using a more realistic EOS, MYEOS~16!, for com-
parison.

We again study the case withPa51.325 atm andR0
54.7 mm. Figure 9 shows snapshots of the spatial profi
of several thermodynamic variables around the momen
minimum bubble radius, using MYEOS. We notice that
smaller bubble radiusRmin ~about 0.45mm) is reached com-

FIG. 8. Snapshots of the spatial profiles of the proportions
Ar1 and Ar21 for Pa51.23 atm andR052.2 mm using MVEOS
and RP3. The values of t1, t2, etc., are the same as those in F

FIG. 9. Same as Fig. 1, but using MYEOS. Here, t15
272 ps, t25233 ps, t351 ps, t4534 ps, and t5570 ps.
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pared to that obtained using MVEOS~about 0.6 mm). This
is clearly due to the absence of the excluded volume term
the MYEOS. As a result of the greater compression ra
(Rmin /R0), the gas density and pressure attained are ne
doubled, and a higher temperature of 60 000 K is reach
Although the bubble is compressed to a smaller radius, th
is still no shock wave developed. Since the temperatur
increased, the proportion of Ar1 is also increased slightly a
shown in Fig. 10. The first ionization Ar1 contributes about
24% with a few Ar21 present~about 1%!. Neglecting the
sudden increase as it only lasts for a very short time,
estimate the maximum degree of ionizationa to be about
30%.

The time variations of the temperature and number d
sity of Ar1 at the bubble center are shown in Fig. 11. T
variations are generally the same as those in Fig. 4.
central temperature increases smoothly at first before the
any ionization. It suddenly drops when ionization starts
aboutt52175 ps; the ‘‘ignition temperature’’ is found to b
about 43 000 K. The temperature and the Ar1 density reach
local maxima slightly before the time that the bubble atta
its minimum radius. A sudden increase in the temperat
and the Ar1 density occurs att530 ps, which is captured in
Figs. 9 and 10 at the instant t4.

Table I summarizes the extreme values attained for
different driving pressures and ambient radii with the tw
different EOS’s used. We find that the minimum bubble ra
Rmin reached are at least 20% smaller when using MYE
instead of MVEOS. Besides, the maximum gas densities
tained are approximately doubled, while the pressure, t
perature, and the Mach number only increase relativ
slightly. On average, MYEOS gives a higher degree of io
ization for the same driving pressure, except at the sud
increase.

f

. 7.
FIG. 10. Snapshots of the spatial profiles of the proportions

Ar1 and Ar21 for Pa51.325 atm andR054.7 mm using MYEOS
and RP3. The values of t1, t2, etc., are the same as those in F
1-8
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F. Effects of physical parameters

Yuanet al.and Chenget al.have shown that shock wave
develop when some physical effects are neglected@21,22#. In
order to study the effect of the surface tension, thermal c
ductivity, water compressibility, and viscosity, a simulatio
was done with these being neglected. We solve the E
equations and RP1 instead of the Navier-Stokes equat
and RP3, respectively. The parameters and material cons
used are the same as those used in Ref.@15# with Pa
51.425 atm andR054.5 mm.

The results shown in Figs. 12 –14 are significantly diff
ent from those obtained by solving the Navier-Stokes eq
tions and RP3, but the results are very similar to those sh
in Ref. @15#.

As shown in Figs. 12 and 13, we find that a very hi
temperature up to 106 K is reached, and shock waves a
formed. A very steep shock wave has already develope
the instant t1, and it propagates toward the center of
bubble. The shock wave reflects out between instants t3
and it is weakened to become a compressional wave pr

FIG. 11. Same as Fig. 4, but using MYEOS. Here, the bub
attains its minimum radius att50.
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gating inwards again after the instant t9. It was alrea
pointed out in Refs.@21,22# that the use of RP1 makes shoc
waves more likely to develop, and a very high temperat
can be reached due to the absence of thermal conductio

On the other hand, as shown in Fig. 14, argon atoms
strongly ionized. More argon atoms are ionized near
bubble center; nearly all atoms are ionized to Ar51 within a
core of radius 0.05mm at the bubble center.

G. Calculated pulse widths and spectra

The total power of radiated visible light versus time
different driving pressures is shown in Fig. 15; the solid lin
denote the results obtained by the refined blackbody ra
tion model, and the dashed lines denote the results with
absorption. Because of the absorption, the peak power d
by about 33% atPa51.275 atm, in which case the degre
of ionization are not very high. As the driving pressure i
creases, the degrees of ionization increase, and the dro
the peak power becomes more significant. AtPa
51.35 atm, the maximum degree of ionization is about 3
and the peak power drops by about 75%.

e

FIG. 12. Same as Fig. 1, but using MVEOS and RP1, and w
out considering surface tension, heat conductivity, and viscos
Here, t15251 ps, t25240 ps, t35233 ps, t45223 ps,
and t55217 ps.
TABLE I. Extrema values for argon bubble collapse using different EOS’s. Here,rc
max is the maximum

density at the bubble center,rb
max the maximum density at the bubble wall, andPc

max and Tc
max are the

maximum pressure and temperature, respectively, at the bubble center.

Pa EOS Rmin rc
max rb

max Pc
max Tc

max Machmax

~atm! (mm) (kg m23) (kg m23) (105 Pa) (104 K)

1.275 MVEOS 0.33 710 953 1.7 4.4 1.69
MYEOS 0.26 1384 1998 2.0 4.8 1.71

1.30 MVEOS 0.50 784 1022 3.0 5.4 1.97
MYEOS 0.39 1589 2360 3.1 5.9 2.01

1.325 MVEOS 0.59 871 1043 4.9 6.2 2.04
MYEOS 0.45 1954 2489 4.6 6.8 2.08

1.35 MVEOS 0.68 923 1056 6.9 6.8 2.06
MYEOS 0.52 2353 2616 7.0 7.9 2.10
1-9
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We find that the peak power and the pulse width are lar
at larger driving pressures. The peak power and pulse w
increase from about 5 mW and 69 ps to 70 mW and 206
as the driving pressure increases within the stable SBSL
gime. In the refined model, both the peak power and
pulse widths are comparable to the experimental results@2#.

Figure 16 shows the time variations of the normaliz
blackbody radiation power for ‘‘UV’’~300–400 nm! and
‘‘red’’ ~590–650 nm! light at various driving pressures. Th
pulse shapes and widths are very similar in the two w
bands.

The origin of the small drops and the shoulders in
power is the appearing and disappearing of the inner c
The size of the inner core increases very rapidly at first,
this leads to a sudden increase of photon absorption. Th
fore, the emitted power drops suddenly. We test this
changing the value ofl l

tot . If the value of l l
tot is larger, the

FIG. 13. Same as Fig. 11, but the starting time is t6 with t65
213 ps, t7528 ps, t850 ps, t959 ps, and t10520 ps.

FIG. 14. Snapshots of the spatial profiles of the proportions
the neutral atom and ions for the same condition as that in Figs
and 13. The values of t1, t2, etc. are also the same.
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core will appear earlier and disappear later, and so the s
drops and the shoulders will be shifted down. However,
overall shapes of the curves and the spectra are not cha
significantly by the choice ofl l

tot .
Finally, we compare the calculated spectra with the

perimental ones. Figure 17 shows the spectra at diffe
driving pressures averaged over one acoustic cycle. Ag
the squares denote the experimental data for Ar taken
from Fig. 56 in Ref.@1#. The shapes of our spectra are ve
similar to the experimental ones. The spectrum atPa
51.275 atm is just like the shifted-up spectrum of the e
perimental one.

The spectra calculated assuming an optically thin bub
are shown in Fig. 18. There are two obvious differenc

f
2

FIG. 15. Blackbody radiation power versus time for differe
driving pressures. The solid line denotes the power calculated u
the refined model, and the dashed line denotes the power wit
absorption. Here,t50 refers to the time that the bubble attains
minimum radius.

FIG. 16. Normalized refined blackbody radiation power for d
ferent parts of the spectrum versus time. The solid line denotes
UV part, and the dashed line denotes the red part. Here,t50 refers
to the time that the bubble attains its minimum radius.
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when we compare them to those shown in Fig. 17. First,
spectra are shifted up due to the lack of absorption. The s
up is more significant for large driving pressures, beca
photon absorption is more important in those cases. Sec
the amount of radiation at long wavelengths is increas
This again reveals that red light is absorbed more sign
cantly.

We setPa51.263 atm andR052.6 mm, and the corre-
sponding spectrum, shown in Fig. 19, nicely fits the expe
mental spectrum. The spectrum calculated without consi
ing absorption is also shown by the dashed line in the sa
figure. The preferential absorption of red light by the bub
content is important for the agreement between the ca
lated and the experimental spectra. We caution the rea
that a quantitative comparison between the theoretical
experimental spectra cannot be made at this point, bec
the precise experimental driving pressure is not known.

FIG. 17. Refined blackbody radiation spectra at different driv
pressures averaged over one acoustic cycle. The squares deno
experimental data for Ar taken out of Fig. 56 in Barberet al. @1#.

FIG. 18. Same as Fig. 17, but the blackbody radiation spe
calculated ignoring absorption are shown instead.
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show Fig. 19 only to show that our refined blackbody mod
may bring down the magnitude of the red light portion of t
spectrum, resulting in a better qualitative agreement with
experimental spectral shape.

V. SUMMARY

We have presented a hydrodynamical framework to st
the dynamics of the ionized gas inside an SL bubble. C
servation laws with source terms are solved to monitor
densities of argon atoms, ions, and electrons. We also
into account the processes of collisional ionization, radiat
recombination, and three-body recombination.

In the stable SBSL regime, our results indicate that sh
waves are absent, and the compressional waves are alr
strong enough to produce moderate temperature and ion
tion, which in turn strengthens the compressional wav
This again confirms our view@22# that shock waves are no
needed to explain SBSL.

We have shown that the maximum degree of ionization
about 7% near the onset of SBSL and about 30% near
upper threshold of SBSL using MVEOS. Slightly higher d
grees of ionization is obtained using MYEOS. The degre
of ionization are much lower than the dramatic multiple io
izations reported by Xuet al. @15# but significantly higher
than that~below 1%! reported in Refs.@17,28#. The partially
ionized core of an SL bubble becomes optically opaq
which bears important consequences on the emitted ligh

Finally, we presented a refined blackbody radiation mo
which takes the finite opacity into account. We model an
bubble by a ‘‘black’’ core and a ‘‘gray’’ outer shell and ca
culate the emitted light accordingly, using the time a
radius-dependent mean free path obtained in our hydro
namics simulation. The resulting peak power, spectra, pu

the

ra

FIG. 19. The squares denote the experimental spectrum fo
taken out of Fig. 56 in Barberet al. @1#. We setPa51.263 atm and
R052.6 mm, and the spectrum obtained using the refined mo
~solid line! nicely fits on the experimental one. The spectrum c
culated without considering absorption~dashed line! is also shown
for reference.
1-11
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widths, and their wavelength dependence all agree with
experimental observations very well.

Several effects not considered here may be important f
realistic simulation of SBSL. We have ignored the prese
of water vapors, which may play a role in SBSL@37–39#. We
also have not taken into account possible modifications
the various reaction rates due to the high pressure at S
condition. Another high-pressure effect that we have left
is the possibility of solidification of air, which may lead to
substantial change of the EOS.

The basic blackbody light emission model is inadequ
for SBSL because it gives rise to a larger pulse width for
light than blue light. This is because the bubble inter
reaches a temperature high enough to emit blue light o
during a short duration compared to that for red light em
sion. This problem is solved in our calculation by taking in
account the wavelength-dependent absorption in the o
shells, thereby suppressing the width of the red light pu
preferentially.

We do not find a drastic degree of ionization in an S
.

n-

ev

fe

04120
e
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SL
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e
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ter
e

bubble, and hence we do not expect the presence of a l
electric field such as reported by Xuet al. @16#. Our results
indicate that the bubble interior is relatively mild and un
form, and large temperature or electric-field gradients
easily smoothed out when more realistic physical proces
are considered. In particular, the presence of water vapo
known to bring a significant cooling of the bubble interi
@37–39#. The degree of ionization in an SL bubble will likel
be even lower when processes not considered here, suc
aspherical deformation and evaporation/condensation@37–
39#, are included.
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